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We study a simple higher-dimensional toy model of electroweak symmetry breaking, 
in particular a pure gauge 5D theory on flat background with one extra finite space 
dimension. The principle of least action and the requirement of gauge independence 
of scattering amplitudes are used to determine the possible choices of boundary condi- 
tions. We demonstrate that for any of these choices the scattering amplitudes of vector 
bosons do not exhibit power-like growth in the high energy limit. Our analysis is an ex- 
tension and generalization of the results obtained previously by other authors. 
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1. Introduction 

Electroweak symmetry breaking (EWSB), i.e. the mechanism of generating the W 
and Z boson masses, is one of the most important theoretical issues of the present- 
day particle physics. Several viable scenarios are available in the current literature 
(for a review, see e.g. Ref. |TJ) and it is clear that only experiments can resolve this 
long-standing puzzle. In this respect, we are in a rather fortunate situation now, 
since the first preliminary results from LHC experiments are already coming and 
we can expect some important hints to the nature of EWSB in the horizon of one 
year. 

A simple way of implementing the EWSB is the "textbook" Higgs mechanism 
that leads inevitably to one or several elementary scalar bosons in the physical spec- 
trum. While the obvious paradigm for such a scheme is the current standard model 
(SM), there are other highly popular theories built along these lines: most notably, 
models involving supersymmetry have been intensely studied during the last two 
decades or so, since they alleviate the famous hierarchy problem (i.e. that of stabi- 
lizing the scale of the Higgs boson mass) considered by many to be a technical flaw 
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2 P. Mordvek & J. Hofejsi 

of the SMP Needless to say, models with elementary scalars are most convenient 
from the calculational point of view, since they are perturbatively renormalizable. 
It also means that the tree-level scattering amplitudes are unitarizcd automatically 
in the high energy limit if the Higgs particles are not too heavyP^ 

Taking into account the hierarchy problem, a radical alternative would be 
a model with no Higgs scalars at all. The oldest example of such a higgsless version 
of the EWSB is the technicolor and its various ramifications (cf. Ref. [6] for a re- 
view), for which the original conceptual paradigm is the chiral symmetry breaking 
in QCD. While such a scheme is obviously quite attractive a priori, the application 
of the ideas of dynamical symmetry breaking in the area of electroweak interactions 
runs into specific difficulties and thus remains problematic so far. 

With the advent of modern applications of the higher-dimensional theories 
of the Kaluza-Klein (KK) type, new attempts to attack the EWSB problem have 
been made during the last decade and models with compact extra dimensions have 
thus become increasingly popular (for a review, see e.g. Refs. [7J[H1). A particularly 
attractive scenario is EWSB via a non-trivial choice of boundary conditions. Al- 
though the underlying higher-dimensional theory is non-renormalizable, the unitar- 
ity breakdown is postponed to the cutoff scale of the effective 4D theory, which is 
related to the size of the extra dimension. "Bad high energy behavior" of scattering 
amplitudes is prevented by the exchange of KK excitations rather than through ele- 
mentary scalar particles. These models thus belong to the class of higgsless theories. 

It is worth noting that the higher-dimensional theory can be viewed as a limiting 
case of deconstructed 4D "moose" theoryP Such an approach recieved a consider- 
able attention including the formulation of KK equivalence theoremP^HHI Although 
the deconstruction formalism can successfully restore the higher-dimensional the- 
ory, it is still quite instructive to study the formulation of the effective 4D the- 
ory from higher dimensions and the scattering of vector bosons without relying 
on the KK equivalence theorem. This approach has been already intensively stud- 
ied (see in particular Refs. l8| [R3l - [T5f . but in our opinion there are still some points 
that need clarification, because the results presented in the literature so far are not 
sufficiently general and complete, even at the level of simplified toy models. 

We consider a pure gauge theory on flat background with one extra finite space 
dimension and shortly review its construction. We examine which choices of bound- 
ary conditions are allowed by the principle of least action and the requirement 
of gauge independence of scattering amplitudes in a simple SU(2) toy model. We 
demonstrate that all of the allowed choices lead to the theory with scattering am- 
plitudes that do not exhibit power-like growth in the high energy limit. In this way, 
previous results of other authors are extended and generalized. 

2. Gauge theories on an interval 

We start with the 5D Yang-Mills Lagrangian on flat background, where the extra 
space dimension is restricted to a finite interval, conventionally denoted as (0, ttR). 
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Vector boson scattering and boundary conditions in KK toy model 3 

This may be writterQ as 

The F^ 5 F alJ - 5 part contains a quadratic term mixing fields A® and A!?, but we 
can eliminate it by adding a suitable gauge fixing term to the Lagrangian. Since 
the compactification procedure generally breaks 5D Lorentz invariance, we do not 
need to limit ourselves to 5D invariant gauge fixing terms^ and are free to choose 

J? g ,. = -^(d,A a »-Zd 5 A a 5 ) 2 . (2) 

Such a term is still invariant under the usual 4D Lorentz transformations and 
exactly cancels the cross term. Furthermore, after the KK expansion, which we 
perform later in the Section 01 the part independent of A^ agrees with the usual 
Lorenz-type gauge fixing term for each KK mode of A° and the propagators of 
vector modes have a form known from R^ gauge of the Standard Model. The unitary 
gauge is given by the limit £ — ¥ oo. All massive scalar modes are unphysical; they are 
eliminated in the unitary gauge, playing a similar role as the would-be Goldstone 
bosons in the Standard Model. 



3. Principle of least action 

When using the variational principle of least action, we have to keep the boundary 
terms coming from the integration by parts in the direction of the extra space 
dimension. Remember that it has a finite length, so there is no reason to assume 
a priori that the fields (or their variations) vanish at the endpoints of the interval. 
One thus gets 

»7T_R 



SS e 



d x 



dy 



(d M F 



aMu 



abc F bMv A c\ 5A a 



(d^F afJ ~ 5 - grJ abc F bf * 5 A c ^) 5A a b 



d A x 



F aW SA a 



(3) 



5S Z 



d x 



kR 



dy 



-d v d^A a - d v d 5 Al ) SAf, \ 



(dd 5 d 5 A a 5 - dsPAfi SAt 



J d A x[(d»A«-Zd 5 AZ)6A%]; R . (4) 



We thus have the equations of motion plus some consistency conditions on the fields 
at the endpoints and nR. Whatever boundary conditions we impose on the gauge 
fields, we obviously need to ensure that the two boundary terms vanish, i.e. 

[F a5 »5Al\l R 



0. 



(5a) 



[{d»Al-£d 5 Al)5At]l R = Q. 



(5b) 



a We use capital Latin letters for 5D Lorentz indices running through 0, 1, 2, 3, 5. Small Greek 
letters as usual stand for 4D Lorentz indices. 
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There are many possibilities how to satisfy (JS|). The least complicated way is to 
ensure that the expressions vanish for every gauge field at each boundary separately, 
in other words require that the variation itself or its coefficient is zero. Assuming 
that we impose the same boundary conditions for all colors of gauge fields (but 
we can impose different conditions at each endpoint of the interval), we have three 
general choices of boundary conditions, namely 

A a v = const and d 5 A% = , (6a) 

d 5 Al = and A a b = , (6b) 

A^ = const and A§ = const . (6c) 

The last option simply means requiring that the variations vanish (SA^ = 0) 
at the boundary. Later on we show that this choice leads to the theory with in- 
dependent scattering amplitudes, thus we will omit this option from our discussion 
for the moment. 

Before proceeding with our examination of possible boundary conditions, we 
make several assumptions to simplify the problem a little: 

• The gauge group is SU{2). 

• Since we want to construct two charged bosons Wj^ — {A\ { qp iA 2 u ) / V2 with 
the same masses, we will always impose the same boundary conditions on 
the fields A X M and A 2 M . 

• We consider only the Dirichlet (tp = 0) and Neumann (d^tp = 0) boundary 
conditions, thus we assume that all constants in ([6]) are zero. 

When reading Ref. [13l one could easily get an impression that we can impose 
an arbitrary combination of those boundary conditions at each endpoint of the inter- 
val and for each color of gauge fields. This is not quite true, because the expression 
(f5a|) mixes fields of different colors, so when imposing different boundary conditions 
on different colors of gauge fields, we need to be sure that this term still vanishes. 

The above simplification leaves us with 16 different combinations of boundary 
conditions - two boundaries x two possible boundary conditions for each of two 
types of bosons, but seven (almost a half) of them do not satisfy the condition (|5a|) . 
Those are the cases with the condition (|6bj) for A l ^f and (|6a|) for A^ M at the same 
endpoint of the interval. As an explicite example let us write down the expression 
(|5aj) for the color a = 1: 

[d v A\ - dsA 1 " - g 5 (A 2 5 A 3 » - A\A 2 »)\ SAl = g 5 AlA 2v SAl jt (7) 
4. Effective 4D Lagrangian 

To get the effective 4D fields one can use the KK expansion, i.e. decompose all fields 
into an infinite series of eigenfunctions ip a n (y) of the operator d^d^,. The decompo- 
sition of the vector field A a ^(x : y) is then given by 

Al{x,y) = Y, Aa ^ x )^n{y) (8) 
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Vector boson scattering and boundary conditions in KK toy model 5 

and the tp a n (y) is then called the wave function (in the extra dimension) of the mode 
A^' n (x). Similar decomposition can be done for scalar fields A% with a different set 
of the wave functions due to the different boundary conditions. 

As long as the imposed boundary conditions keep the operator 8585 hermitiar0 
with respect to the scalar product (/,<?) = j£ dy f* (y)g(y), we are guaranteed 
that its eigenfunctions satisfying 



<n(y) = - m l,nVa,n(y) 



(9) 



form a complete orthonormal basis. In this basis each mode A"' n of the infinite KK 
tower obeys 4D equation of motion (D 4 + m^ n )A^' n (x) — d u d tl A c ^ n {x) — 0, thus it 
is effectively 4D vector boson with mass m a , n - 

We get the effective 4D Lagrangian by means of a simple integration over the ex- 
tra space dimension. The resullQ can be split into several parts: 



S = 



d 4 x (jsgsf* 



<o?scalar 
°^frcc 



<v? scalar 



(10) 



r^vcctor 
^free 



r^vcctor 



1 



scalar 



\Y, a I d ^ + m 2 a A-A^ + (1 - 1) faA* 



(lla) 

«' ar = \ J2(d»At)(d»At) - £m 2 a A a 5 At (lib) 

a 

E s ab J abc KA h ^A^ -i£ g^/ * 6 / ^^^*' (11c) 

abc abed 

E w°^54 iC " + w 60 ^'^ + 

q / > cihcdif J f-i 5 5 



abc 



(lid) 



abed 



The result contains the free field Lagrangian for the infinite tower of vector and 
scalar fields - each vector mode has the Lorenz-type gauge fixing term and clearly 
all scalars are unphysical and are eliminated in the unitary gauge (except if there 
is a massless mode). Further, there is an interaction of vector bosons only, which 
has a well known Yang-Mills structure and an interaction that involves at least one 
scalar particle in every vertex. All the effective 4D couplings g a f, c , e abc , e abc and 
Sabcd' e abed are defined by an integral of wave functions. In our analysis we will 



b One can easily check that the Dirichlet or Neumann boundary conditions indeed keep the operator 
hermitian. 

c For the sake of simplicity we use a shorthand notation for multi-indices a = (a,n). 
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need only three of them, explicitly 



pirR 

gibed = g5 / d V Vb Vc Vd > 

Jo 



(12a) 



?abc = §5 I d V "Pa Vb > ( 12 b) 



n 



Cabc = f £ d V Va (<Pb ~ Vc) ■ (12c) 

5. Gauge independence of scattering amplitudes 

We require that the scattering amplitude of process VV — > VV does not depend 
on the gauge parameter £. The gauge parameter is present only in the part of vector 
propagator that is proportional to q^q v and the mass of a scalar field (thus also in 
its propagator), so the only relevant (lowest order) diagrams are the s, t and u 
channel exchange of a scalar or vector particle. The gauge dependent terms must 
cancel out in each channel separately. Let us take a look at e.g. the s channel: 

•Sector = - geabf^ { m b ~ m l) n2 m l n 2 _ J~2 Secdf^ X 

q lll e q C,i ll e 



x (m 2 d - ml) [e(k) ■ e(l)} [e(p) • e(r)] + . . . , (13) 

= E 2 ^eabf eab o _ 1 ,~ 2 2*e ecd / ecd [e(A) • e(l)} [e(p) ■ e(r)] . (14) 

In order to have any chance of cancellation between the corresponding modes of 
exchanged vector and scalar particles, we obviously need m e = m e . This means 
that we need to impose either the same boundary conditions on A% as on A®, or 
the opposite boundary conditions (meaning every Dirichlct condition imposed on 
a vector field implies the Neumann condition on the scalar field of the same color 
at the same boundary and vice versa). 

One can easily check that the gauge dependent parts cancel out, if the couplings 
and masses satisfy the relation 

Seab ( m b - m l) gecd (™d ~ m l) = 2i eab 2i ecd m l > ( 15 ) 

which can be recast in terms of the integrals of wave functions as follows 

pirR r-ixR 

Si I d V (fl (<p' a (p b - ip a (pi) / dz tp' e (tp{. ip d - <p c ip' d ) = 
Jo Jo 

= si m l / dy fi e (tp' a (p b - f a <pl) / dz y e (<pj. ip d - <p c <p' d ) . (16) 
Jo Jo 

Let us examine the relation between the wave functions ip e of the vector modes 
and (f e of the scalar modes. If we use the boundary condition (|6c|) . then the functions 
are the same and obviously we cannot get gauge independent scattering amplitudes. 
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Vector boson scattering and boundary conditions in KK toy model 7 

The same conclusion was also reached in Ref. [15] using a different line of argumen- 
tation, based on the requirement of consistently defined restricted class of 5D gauge 
transformations. On the other hand, if we use an arbitrary combination of bound- 
ary conditions (l6aT) and (|6b|) , then one of the functions is sine and the other cosine 
with the same arguments, and the relation for every massive mode of color e reads 

There could still be a problem coming from massless modes, but since we have 
already established that the only consistent boundary conditions are (f6a|) and (|6b|) , 
there can be only a massless scalar, or a massless vector particle, but not both of 
the same color. The massless scalar is not a problem, because the gauge parameter 
is present only in the term ^m 2 = 0. For a massless vector boson, the relevant term 
is proportional to the expression (|16j) . which contains ip.' e = under both integrals. 
Since the wave function of a massless mode is a simple constant, this term does not 
contribute to the scattering amplitude at all. 

The conclusion of this section is that we can impose an arbitrary combinational 
of boundary conditions (|6a| and (|6b|) on the gauge fields as long as it satisfies ((5]). 
This fact allows us to pass to the unitary gauge, which simplifies significantly further 
calculations. 



6. Tree-level unitarity of VlVl — > VlVl process 

Let us now calculate the energy dependence of the invariant matrix element for 
the (generally inelastic) scattering of gauge bosons without any assumptions re- 
garding the color or the KK mode number of the gauge bosons in the initial or 
final state. We consider the high energy limit and expand all quantities in powers 
of energy (more precisely in the powers of Mandclstam invariant s) keeping only 
the divergent parts, and show that they indeed cancel out automatically without 
introducing an additional Higgs field. We do not employ a hard cutoff on the spec- 
trum of the KK modes and keep the whole infinite towers of the KK excitations. 
This is justified due to the fact that the contributions from the highest KK modes 
are suppressed in the high energy limit (for a detailed discussion see e.g. Ref. [T3)) . 
The lowest order diagrams for this process involve the direct four-boson interaction, 
the s, t and u channel exchange of KK vector excitations and possibly the exchange 
of massless scalar in all channels as well. 

We carry out the calculation in the center of mass reference frame. Let us de- 
note the scattering angle by 9 and for the sake of simplicity introduce a shorthand 
notation Am 2 = m 2 + m? + m 2 + m% 

The energy expansion of the contribution of the contact four-boson interaction 



d For completeness we should also show the gauge independence of scattering amplitudes for pro- 
cesses with one or more massless scalars in the initial or final state, but the reasoning remains 
the same, only the integrals in coupling definitions are a bit different. 
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is given by 



£>abcd 



/ ea 7 ecd (4cos6») + 



m a m b m c m d 

+ / eac / eM (_3 + 2 cos 6 + cos 2 6>) + / ead / ef > c (_3 - 2cos6» + cos 2 i 



'£\ Am2 slbcd 
,4/ m a m b m c m d 



f eab f ecd (-cost 



jeac jebd \ ~ C0S ^ + jeaci jebc 1 + C0S * 



0(1) 



(17) 



The contributions of s, t, u channel exchange of KK vector excitations are infi- 
nite sums over all KK modeto, which may be massive as well as massless. Thus, with 
regard to the different form of vector propagator for massive and massless modes, 



it is convenient to split them in two parts, namely M-n^^ and A4^' ia 'T, corre- 
sponding to the longitudinal {q^q u ) and the diagonal (g^) parts of the propagator 
respectively. Since the t and u channels differ only in the simultaneous exchange of 
indices c and d, and sign change of cos 9, from now on we will explicitly display only 
the results for the s and t channel. 

Terms corresponding to the longitudinal part of boson propagator can be ex- 
panded in the powers of energy as follows: 



As,t,u) 



M 



(long) 



« S eab S ecd f eab f ecd K - - ml) 



^ 4 

k>0 



m a m b m e m d 



(-1) + 0(1) 



(18a) 



M 



(*) 

(long) 4 
k>0 



s g e acg eb J eac f eM « - m 2 c ){ml - ml) 1 - cos( 



?ebd 

m a m b m c m d 



+ 0(1). (18b) 



Similarly, after quite a long calculation, one gets the terms corresponding to 
the diagonal part of boson propagator in the form 



M 



(diag) 



E 

£:>0 



eab reed 



bSecdf^ f 

m a m b m c m d 



M 



(*) 

(diag) 



eac febd ' 



SeacSebdf eaC f 



k>Q 



m a m b m e m d 



(|) (-4 cos«) + ^(-m 2 cos( 
2 (3 -2 cos (9 -cos 2 6>) + 



■0(1), (19a) 



G)( 



3 + cos 6 



8to 2 cos 6 



0(1) 



(19b) 



The only scalar mode that can be present in the theory is massless and the cor- 



e Note that due to the structure of SU (2) group the color e of exchanged gauge boson is fixed 
by the colors of the bosons in the initial and final state, thus we actually sum only over the KK 
index k. 
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responding contributions to the invariant matrix elements read 

q Op Op feab feed 

*EL->-i t„; < 2te » 

(scalar) 4 TO a mfcTO c TO d 2 



Owing to the relation (|T5t for all massive modes (fc > 0) of color e these terms 

As,t,u) 
'(long) 



give us in combination with A^/f'^J. the sum over the complete orthonormal set of 



functions (p e k in each channel. 

It is a matter of simple exercise to derive the sum rule 



Qabcd 7 j SeabQecd 

(21) 



„2 

k>0 



which implies that terms growing as the fourth power of energy in the s, t and 
u channel contributions (|19p cancel against the terms from (1171) corresponding to 
the contact four-boson interaction. 

Let us present some additional sum rules that are valid for all the remaining 
consistent boundary conditions. The combination of contributions (| 18[) and (f20|) 
gives rise to the sum of terms containing two couplings of the type e eab . The index 
of KK mode is present only through these couplings, thus we can write down the first 
sum rule 

2i eab 2e ecd = g 5 2 / dy (<p a ip b ' - tp' a <p b ) {<p c <p' d - V ' c Vd ) . (22) 
fc>o Jo 

The second type of sum contains the KK index not only in the couplings, but 
also in the mass of the exchanged vector mode, explicitly 



m l SeabSecd = si 

k>0 



ttR 



d v('Pa ( Pb}{fc ( Pd)- ( 23 ) 



In order to get all terms of the invariant matrix element in a similar form, 
we need one more formula, which follows directly from the relation between wave 
functions and masses © and the coupling definition (|12al) : 



r-xR 

*m 2 glbcd = 2g5 / dy 
Jo 



(fa l fby( ( Pc ( Pdy + ( Pa ( Pb ( Pcfd + l fL l fb ( Pc ( Pd ■ (24) 



Now we gather all the remaining divergent terms from the contact four-boson 
interaction ([T7]) and s, t, u channel exchange of vector and scalar modes (|18|). (ITT))) 
and (|20p , employ the derived sum rules and the relation ([24)) . Interestingly enough, 
the resulting invariant matrix element for the process in question then takes on 
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quite a simple form 

2 

^_ &h / jabe jcde jace jbde _|_ jade jbce\ ^ 

4 m a mf,m c m d 

xj(l-3cos6>) J dy (ip a V b Vc + </>a 9b Vc Vd) 

rirR 

- (1 + 3 cos 6>) / dy (ip a ip b tp' c ip d + tp a tpl ip e tp' d ) 
Jo 

-2cos0^ dy(ri<plv c v d + <p a <p b ti<p d )^+0(l). (25) 
The whole divergent part of the matrix element is proportional to the expression 

jabejc.de _ jace jbde + jade jbee _ Howcvcr; this is zero due to the f am ili ar J aC obi 

identity. 

Thus we conclude that 2 — > 2 scattering amplitude of longitudinal gauge bosons 
contains no terms growing indefinitely with the energy. We have shown this fact 
without any assumptions regarding the colors or the KK mode numbers of the gauge 
bosons in the initial and final state. 

Note that the elastic scattering of two identical longitudinal vector modes stud- 
ied in Ref. [13]is a special case contained in our general formulae. Since all the gauge 
fields satisfy the same boundary conditions, the masses and wave functions (thus, 
couplings as well) are color-insensitive and are uniquely identified by their KK in- 
dices. This implies that there is no contribution from (fT8|) and ([20)) to the scattering 
amplitude. Furthermore, in this special case it is possible to combine (|23|) and (|24|) 
to one compact sum rule ^ fc 3TO|(g jmfe ) 2 = 4to 2 



n annnn ' 



7. Conclusions 

We have studied the gauge sector of a 5D toy model with EWSB triggered by a non- 
trivial choice of boundary conditions in the fifth dimension. This class of models 
has already been intensively studied in the literature, but many authors prefer 
a more traditional approach to the extra dimensions known as orbifolding - one 
starts with an infinite extra dimension and compactifies it by a set of identifications 
(most commonly to S 1 /Z 2 orbifold); such a procedure then implies certain boundary 
conditions for the fields. Another already studied possibility that we have also chosen 
in this work, is the interval approach, where one starts straight away with a finite 
space interval and then figures out, what the consistent boundary conditions are. 

We have derived the set of consistent boundary conditions for a simple model 
with SU(2) gauge symmetry solely from the principle of least action and the re- 
quirement of gauge independence of scattering amplitudes. Any choice belonging 
to this set leads to the theory with well-behaved scattering amplitudes of longitu- 
dinal vector bosons, i.e. all terms growing as positive power of energy cancel out. 
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Vector boson scattering and boundary conditions in KK toy model 11 

This was explicitly demonstrated^] on a general 2 — > 2 scattering process without 
any assumptions regarding the colors or KK mode numbers of the gauge bosons in 
the initial and final state (and without relying on the KK equivalence theorem). 
Previously published results of other authors (see Refs. l51 HUl[T2lfT5|) covered only 
certain special cases of this model (e.g. a special choice of boundary conditions, or 
the discussion of an elastic scattering process only). Our present work is therefore 
an improvement and generalization of these earlier results. 
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